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a b s t r a c t
This paper considers the problem of computing the Bézier representation for a triangular
sub-patch on a triangular Bézier surface. The triangular sub-patch is defined as a
composition of the triangular surface and a domain surface that is also a triangular Bézier
patch. Based on de Casteljau recursions and shifting operators, previous methods express
the control points of the triangular sub-patch as linear combinations of the construction
points that are constructed from the control points of the triangular Bézier surface. The
construction points contain too many redundancies. This paper derives a simple explicit
formula that computes the composite triangular sub-patch in terms of the blossoming
points that correspond to distinct construction points and then an efficient algorithm is
presented to calculate the control points of the sub-patch.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Many applications in CAD/CAM or computer graphics industry require creating geometric entities such as curves or
patches on surfaces. Isoparametric curves on a surface are easy to derive. In many cases, however, the curves need to be in
a general position such as the intersection curve of two surfaces, the boundary for surface trimming. DeRose [1] examined
the curves on triangular Bézier surfaces via functional composition. Jüttler and Wang [2] analyzed the curves on a sphere.
Both approaches generate curves on surfaces by parameter space representation.
Beside curves, sub-patches on surfaces are also important. Two types of surfaces are widely used: triangular
Bernstein–Bézier surface (TB or TBB surface) and tensor product Bézier surface (TP or TPB surface). For instance, the
subdivision of a Bézier surface [3–7] falls into this category and so do the conversions between TB surfaces and TP surfaces.
Brueckner [8] represented a TB surface as a trimmed TP surface.Waggenspack andAnderson [9] transformed a TP surface to a
TB representation. Jie [10] extended the equations to rational cases. Inmost cases, the sub-patches do not have isoparametric
boundary curves. For example, the explicit formula in [11] converted a TP surface of degree (m, n) into two TB surfaces of
degreem+n. Hu [12] developed amethod to divide a TB surface into three TP surfaces. In anotherway, Sheng andHirsch [13]
divided a trimmed surface into many TB surfaces.
Subdivision, reparameterization and surface extensions are possible applications of composition [1]. Both blossoming
and product methods can be used to obtain the composition of a TB/PB and a TP/PB [14]. However, as pointed out in [14],
the product algorithm was more efficient for machine implementation whereas the blossom algorithm was geometrically
more intuitive. There are four different compositions: TP over TP, TP over TB, TB over TP and TB over TB. DeRose et al. [14]
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usedblossoming algorithm to study the four compositions. However, the algorithm for the control points of the compositions
is not sufficiently efficient in practice. Lasser [15,16] studied the composition of TP over TB, and the composition of TB over
TP. Explicit formulas are provided for the control points of the compositions. Feng and Peng [17] considered a simpler case
using shifting operator to derive the composition of a triangle with a TB surface.
Lasser [15,16] formulated the control points of the composition as the linear combinations of some intermediate points
called the construction points. However, the number of the construction points is huge and many of them actually have the
same positions. In this paper, we provide a more compact formula to compute the control points of the composition and
detailed algorithms are presented for practical uses.
2. Preliminaries and notations
A TB surface [18] T(u, v, w) of degree n can be defined by
T(u, v, w) =
−
i+j+k=n
Bnijk(u, v, w)Tijk, (u, v, w) ∈ DT (1)
where Tijk ∈ R3 are the control points, Bnijk(u, v, w) are Bernstein polynomials
Bnijk(u, v, w) =
n!
i!j!k!u
ivjwk, i+ j+ k = n, u, v, w ≥ 0, u+ v + w = 1,
ad DT = {(u, v, w)|u+ v + w = 1, u, v, w ∈ [0, 1]} is a triangle domain.
A domain surface P(u, v, w) of degreem is a TB surface
P(u, v, w) =
−
i+j+k=m
Bmijk(u, v, w)Pijk, u, v, w ≥ 0, u+ v + w = 1 (2)
where the control points Pijk ∈ DT are parameter points.
A hyper-index Γmn is defined as
Γmn = (Imn , Jmn ,Kmn ),
Imn = (I1, . . . , In), Jmn = (J1, . . . , Jn), Kmn = (K1, . . . , Kn),
Il + Jl + Kl = m, Il, Jl, Kl ∈ {0, . . . ,m}.
(3)
The norm for the hyper-index is
|Γmn | = |Imn | + |Jmn | + |Kmn | = mn,
|Imn | =
n−
l=1
Il, |Jmn | =
n−
l=1
Jl, |Kmn | =
n−
l=1
Kl.
An index (Il, Jl, Kl) corresponds to a parameter point PIlJlKl in Eq. (2). Thus, Γ
m
n , with n indices, corresponds to a parameter
vector Pn
Γmn
with n parameter points:
Pn
Γmn
= PnImn Jmn Kmn = ((uI1J1K1 , vI1J1K1 , wI1J1K1), . . . , (uInJnKn , vInJnKn , wInJnKn))
where (uIiJiKi , vIiJiKi , wIiJiKi) ∈ DT , i = 1, . . . , n. A sub-vector PsΓms , s = 0, 1, . . . , n can be obtained satisfying
Ps
Γms
= PsIms Jms Kms = ((uI1J1K1 , vI1J1K1 , wI1J1K1), . . . , (uIsJsKs , vIsJsKs , wIsJsKs)).
The hyper-index can be used for the product of n Bernstein polynomials of degreem:
n∏
l=1
BmIlJlKl(u, v, w) = CmnImn Jmn Kmn Bmn|Imn |,|Jmn |,|Kmn |(u, v, w) (4)
where
Cmn
Γmn
= CmnImn Jmn Kmn =

n∏
l=1
m!
Il!Jl!Kl!

(mn)!
|Imn |!|Jmn |!|Kmn |!

.
Lemma 1. Suppose R+ S + T = mn. Then−
|Imn |=R,|Jmn |=S,|Kmn |=T
CmnImn Jmn Kmn = 1. (5)
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Proof. Suppose we havemn different balls and put them into 3 different boxes B1, B2 and B3. There are (mn)!R!S!T ! different cases
for B1 containing R balls, B2 containing S balls, and B3 containing T balls with R+ S + T = mn.
On the other hand, we divide the mn balls into n groups G1, . . . ,Gn such that each group Gl contains m balls. If box B1
contains Il balls from Gl, box B2 contains Jl balls from Gl and box B3 contains Kl balls from Gl, then the numbers of balls in
B1, B2, B3 are |Imn | = R, |Jmn | = S, |Kmn | = T where Imn = (I1, · · · , In), Jmn = (J1, . . . , Jn),Kmn = (K1, . . . , Kn), Il + Jl + Kl = m .
Note that there are m!Il!Jl!Kl! different cases to distribute m balls in Gl into the three boxes. Therefore, for a given (I
m
n , J
m
n ,K
m
n ),
there are
∏n
l=1
m!
Il!Jl!Kl! different cases to putmn different balls into B1, B2, B3. Hence, we get−
|Imn |=R,|Jmn |=S,|Kmn |=T

n∏
l=1
m!
Il!Jl!Kl!

= (mn)!
R!S!T ! .
This is equivalent to Eq. (5). 
It is easy to prove the following equality: −
i+j+k=m
xijk
n
=
−
R+S+T=mn
 −
|Imn |=R, |Jmn |=S, |Kmn |=T
n∏
l=1
xIlJlKl
 . (6)
The TB surface can be rewritten using shifting operators [19]
T(u, v, w) = (uE1 + vE2 + wE3)nT000 (7)
where the shifting operators are
E1Tijk = Ti+1,j,k, E2Tijk = Ti,j+1,k, E3Tijk = Ti,j,k+1.
With T0ijk = Tijk, given a parameter vector PnImn Jmn Kmn for a TB surface, the de Casteljau algorithm [20] yields
Tnijk(P
n
Imn Jmn Kmn
) = uInJnKnTn−1i+1,j,k(Pn−1Imn−1Jmn−1Kmn−1)+ vInJnKnT
n−1
i,j+1,k(P
n−1
Imn−1Jmn−1Kmn−1
)+ wInJnKnTn−1i,j,k+1(Pn−1Imn−1Jmn−1Kmn−1). (8)
Alternatively, Eq. (8) can be rewritten using shifting operators
Tnijk(P
n
Imn Jmn Kmn
) = uInJnKnE1 + vInJnKnE2 + wInJnKnE3 Tn−1ijk (Pn−1Imn−1Jmn−1Kmn−1)
=
n∏
l=1

uIlJlKlE1 + vIlJlKlE2 + wIlJlKlE3

Tijk. (9)
Lemma 2. The number of different choices of the d variables (N1, . . . ,Nd) satisfying
∑d
i=1 Ni = s is
s+ d− 1
d− 1

=

s+ d− 1
s

.
Proof. Consider the problem of putting s balls into d boxes. Place the s balls in a line and use d − 1 bars to separate these
balls. There are s+d−1 positions for balls and bars. Select d−1 positions for the bars. Then put all balls to the left positions.
The s balls are separated into d sets. Hence, we have

s+ d− 1
d− 1

choices. 
LetMsd ⊂ Zd be the following set
Msd =

M | M = (M1,M2, . . . ,Md),
d−
i=1
Mi = s,Mi = 0, 1, . . . , s

.
If M ∈ Msd ⊂ Zd, M is a 1 × d vector and the summation of its elements is s. According to Lemma 2, there are

d− 1+ s
s

elements inMsd.
3. Triangle sub-patch from a triangle surface
Consider a TB surface T(x, y, z) whose parameter domain is a triangle DT . A sub-patch is derived from the TB surface by
limiting the parameter domain to an area within DT . This section presents a simple way to express a class of sub-patches as
a new TB surface.
3.1. Domain surface
On domain DT , three Bézier curves C1, C2, C3 form a closed sub-domain DC1,C2,C3 (Fig. 1(a)). Assume that the three
boundary curves C1(t), C2(t) and C3(t) are of degrees n1, n2 and n3, respectively. Let m = max(n1, n2, n3). We can
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Fig. 1. Domain surface: (a) three boundary curves form a closed sub-domain; (b) the control points (blue dots) and the influence points (black squares);
(c) the interior control points (red dots); and (d–f) different parameter curves by different interior control points.
make the degrees of C1 (t) , C2 (t) , C3 (t) be m using degree elevation. Denote the control points of Ci (t) (i = 1, 2, 3) by
Pi,j, j = 0, . . . ,m. For each Pi,j, it has a corresponding point Qi,j on the curve Ci(t):
Qi,j = Ci

j
m

(10)
which we call an influence point (see Fig. 1(b)).
Re-label the control points Pi,j such that they represent the control points of the boundary curves of a triangular
Bézier patch:
Pijk,min(i, j, k) = 0. (11)
The corresponding influence points are also re-labeled accordingly: Qijk ∈ DT .
To define a domain surface for the area DC1,C2,C3 , we need to define some interior control points. The interior control
points Pijk,min(i, j, k) ≠ 0 can be specified using Qijk (see Fig. 1(c)):
Pijk = 13

k
m− iQi,0,m−i +
j
m− iQi,m−i,0

+ 1
3

k
m− jQ0,j,m−j +
i
m− jQm−j,j,0

+ 1
3

j
m− kQ0,m−k,k +
i
m− kQm−k,0,k

. (12)
Thus Eqs. (11) and (12) define the control points or parameter points for a domain surface that is a TB surface in the form of
Eq. (2) (see Fig. 1(d)).
It can be seen that the interior control points are linear combinations of the influence points. The combination involves
six influence points along the u, v, w directions (Fig. 2). The number of interior control points is (m−1)(m−2)/2. Ifm = 3,
for example, there is only one interior control point:
P111 = (Q102 + Q120 + Q012 + Q210 + Q201 + Q021)/6.
Form = 1, 2, there is no interior control point.
It is worth pointing out that above we have just provided a way to construct interior control points. Users may also
choose to modify them interactively. Fig. 1(e) and (f) show two different choices of the interior control points. Different
choices of the interior control points may lead to different parameterization of the domain surface and hence affect the
parameterization of the composite surface.
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Fig. 2. Construction of an interior control point.
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Fig. 3. Composition of a TB surface and a domain surface.
3.2. Sub-patch via composition
If P(u, v, w) is a surface on the domain of a TB surface T(x, y, z), the composition S(u, v, w) = T(P(u, v, w)) is a sub-
surface of the TB surface T(x, y, z) (Fig. 3). Moreover, we have
Theorem 1 (Composition of Two TB Surfaces). Suppose T(x, y, z) is a TB surface of degree n with control points Tijk ∈ R3, i+ j+
k = n, and P(u, v, w) is a domain surface of degree m with parameter points
Pijk = (xijk, yijk, zijk), i+ j+ k = m, xijk + yijk + zijk = 1.
Then the composition S(u, v, w) = T(P(u, v, w)) is a TB surface of degree mn:
S(u, v, w) =
−
R+S+T=mn
BmnRST (u, v, w)SRST (13)
with control points
SRST =
−
|Imn |=R,|Jmn |=S,|Kmn |=T
CmnImn Jmn Kmn S
n
Imn Jmn Kmn
(14)
where SnImn Jmn Kmn = Tn000(PnImn Jmn Kmn ) are construction points corresponding to parameter vectors
PnImn Jmn Kmn = [PIlJlKl | l = 1, . . . , n]. (15)
Proof. Let P(u, v, w) = (x(u, v, w), y(u, v, w), z(u, v, w)). Then
x(u, v, w) =
−
i+j+k=m
Bmijk(u, v, w)xijk,
y(u, v, w) =
−
i+j+k=m
Bmijk(u, v, w)yijk,
z(u, v, w) =
−
i+j+k=m
Bmijk(u, v, w)zijk.
(16)
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Following Eq. (7), the TB surface T(x, y, z) can be represented as
T(x, y, z) = (xE1 + yE2 + zE3)nT000. (17)
Substituting Eq. (16) into Eq. (17) yields
S(u, v, w) = T(P(u, v, w))
=

(x(u, v, w), y(u, v, w), z(u, v, w))
E1
E2
E3
n
T000
=
 −
i+j+k=m
(xijk, yijk, zijk)Bmijk(u, v, w)
E1
E2
E3
n
T000
=
 −
i+j+k=m
Bmijk(u, v, w)(xijkE1 + yijkE2 + zijkE3)
n
T000.
Applying Eq. (6) gives
S(u, v, w) =
−
R+S+T=mn
 −
|Imn |=R,|Jmn |=S,|Kmn |=T
n∏
l=1
(BmIlJlKl(u, v, w)(xIlJlKlE1 + yIlJlKlE2 + zIlJlKlE3))
 T000.
With Eqs. (4) and (9), the composition becomes
S(u, v, w) =
−
R+S+T=mn
 −
|Imn |=R,|Jmn |=S,|Kmn |=T
(CmnImn Jmn Kmn B
mn
RST (u, v, w)T
n
000(P
n
Imn Jmn Kmn
))

=
−
R+S+T=mn
 −
|Imn |=R,|Jmn |=S,|Kmn |=T
(CmnImn Jmn Kmn T
n
000(P
n
Imn Jmn Kmn
))
 BmnRST (u, v, w)
=
−
R+S+T=mn
SRSTBmnRST (u, v, w).
This completes the proof. 
As shown in Eq. (8), the construction points SnImn Jmn Kmn are linear combinations of the control points Tijk. From Eq. (5), the
control points SRST in Eq. (14) are linear combinations of SnImn Jmn Kmn . Therefore, SRST are linear combinations of the control
points Tijk.
The above formula is similar to the blossoming algorithm [14]. Later we will further simplify it to a more compact one.
3.3. Number of different construction points
A parameter point is a control point of the domain surface. There are (m + 1) (m + 2)/2 parameter points for the
domain surface. Every parameter vector PnImn Jmn Kmn consists of n parameter points. Therefore, the number of parameter vectors
is [(m+ 1) (m+ 2)/2]n, which implies there are [(m+ 1) (m+ 2)/2]n cases of construction points SnImn Jmn Kmn = Tn000(PnImn Jmn Kmn ).
Define a power set
Bmn = Mn(m+1) (m+2)/2 ⊂ Z(m+1) (m+2)/2
as
Bmn =

(β0,0,m, β0,1,m−1, β1,0,m−1, . . . , β0,m,0, β1,m−1,0, . . . , βm,0,0)|
−
i+j+k=m
βijk = n, βijk ≥ 0

. (18)
Based on the (m + 1)(m + 2)/2 parameter points Pijk = (xijk, yijk, zijk) of the domain surface P(u, v, w), the blossoming
point set Qmn (P) = Qmn (P(u, v, w)) is defined by
Qmn (P) =

QB| QB =
∏
i+j+k=m
(xijkE1 + yijkE2 + zijkE3)βijkT000, B ∈ Bmn

. (19)
Lemma 3. A construction point is a blossoming point: SnImn Jmn Kmn ∈ Qmn (P).
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Proof. For construction point SnImn Jmn Kmn = Tn000(PnImn Jmn Kmn ), suppose the parameter point Pijk = (xijk, yijk, zijk) repeats β
i,j,k
Imn Jmn Kmn
times in the parameter vector PnImn Jmn Kmn , which means that the index (i, j, k) repeats β
i,j,k
Imn Jmn Kmn
times in the hyper-index
(Imn , J
m
n ,K
m
n ). Then, S
n
Imn Jmn Kmn
can be formulated as
SnImn Jmn Kmn = Tn000(PnImn Jmn Kmn )
=
n∏
l=1
(xIlJlKlE1 + yIlJlKlE2 + zIlJlKlE3)T000
=
∏
i+j+k=m
(xijkE1 + yijkE2 + zijkE3)β
i,j,k
Imn J
m
n K
m
n T000
= QBImn Jmn Kmn (20)
where
BImn Jmn Kmn = (β0,0,mImn Jmn Kmn , β
0,1,m−1
Imn Jmn Kmn
, β
1,0,m−1
Imn Jmn Kmn
, . . . , β
0,m,0
Imn Jmn Kmn
, β
1,m−1,0
Imn Jmn Kmn
, . . . , β
m,0,0
Imn Jmn Kmn
) ∈ Bmn . (21)
This proves the lemma. 
According to Lemma 2, the number of blossoming points is
|Qmn (P) = |Bmn | = |Mn(m+1)(m+2)/2| =

(m+ 1)(m+ 2)/2− 1+ n
(m+ 1)(m+ 2)/2− 1

. (22)
This number is much smaller than the number of construction points, which is [(m+ 1)(m+ 2)/2]n. For example, ifm = 1,
the number of blossoming points is (n+ 1)(n+ 2)/2 which is the same as the number of control points Tijk, but the number
of the construction points is 3n. Therefore several construction points may correspond to the same blossoming point.
3.4. Geometric algorithm for blossoming points
A blossoming point can be obtained using the blossoming algorithm [14]. In this section, given B ∈ Bmn , we discuss the
geometric algorithm for the blossoming point QB ∈ Qmn (P). Suppose
B = (β0,0,m, β0,1,m−1, β1,0,m−1, . . . , β0,m,0, β1,m−1,0, . . . , βm,0,0). (23)
Hyper-index InB is defined by repeating (i, j, k) for βijk times
InB =
(0, 0,m), . . . , (0, 0,m)  
β0,0,m
, (0, 1,m− 1), . . . , (0, 1,m− 1)  
β0,1,m−1
, . . . , (m, 0, 0), . . . , (m, 0, 0)  
βm,0,0
 . (24)
The parameter vector PnB is defined by repeating Pijk for βijk times
PnB =
P0,0,m, . . . , P0,0,m  
β0,0,m
, P0,1,m−1, . . . , P0,1,m−1  
β0,1,m−1
, . . . , Pm,0,0, . . . , Pm,0,0  
βm,0,0
 . (25)
Denote the intermediate points at level n by Rnijk = Tijk. Suppose the α-th parameter point of PnB is Pα = (xα, yα, zα). Then
there are (α + 2)(α + 1)/2 intermediate points Rαijk at level α and Rαijk are linear combinations of Rα+1ijk as
Rαijk = xα+1Rα+1i+1,j,k + yα+1Rα+1i,j+1,k + zα+1Rα+1i,j,k+1, i+ j+ k = α, α = 0, . . . , n− 1.
Then the intermediate point at level 0 is the blossoming point R0000 = QB ∈ Qmn (P). This is similar to the de Casteljau
algorithm [20].
Fig. 4 shows an example with n = 3. The parameter vector P3B contains 3 parameter points
P1 = (0.7, 0.2, 0.1), P2 = (0.1, 0.1, 0.8), P3 = (0.1, 0.5, 0.4).
There are 10 intermediate points R3ijk in level 3, 6 intermediate points R
2
ijk in level 2, 3 intermediate points R
1
ijk in level 1, and
the construction point R0000 in level 0. All the blossoming points Q
m
n (P) can be obtained easily.
3.5. Control points by blossoming points
In Eq. (14), different parameter vectors PnImn Jmn Kmn = [PIlJlKl | l = 1, . . . , n] may lead to the same construction point
SnImn Jmn Kmn = Tn000(PnImn Jmn Kmn ). For example,
m = n = 2, R = |I22| = 0, S = |J22| = 1, T = |K22| = 3,
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Fig. 4. Algorithm for a blossoming point with n = 3.
The construction points are
P¯nI22J22K22
= [P002, P011], P˜nI22J22K22 = [P011, P002],
which are equal to the blossoming point PnB = {P002, P011} with B = (1, 1, 0, 0, 0, 0). Hence S013 is defined by only one
blossoming point. Reformulating Eq. (14) using blossoming points from QB ∈ Qmn (P) in Eq. (19) yields a control point SRST
SRST =
−
B∈Bmn
FRSTB G
RST
B QB. (26)
Eq. (14) describes a control point as a linear combination of the construction points. In a compact way, Eq. (26) formulates
a control point as a linear combination of the blossoming points. By Eq. (26), we avoid the huge number of construction
points.
For B in Eq. (23), we define fB as
fB = β0,0,m
0
0
m

+ β0,1,m−1
 0
1
m− 1

+ · · · + β0,m,0
0
m
0

+ · · · + βm,0,0
m
0
0

.
If a blossoming point QB is used to construct SRST , then
fB − (R, S, T )T = 0.
Hence, each blossoming point is used for only one control point. By defining FRSTB as
FRSTB =

0, fB − (R, S, T )T ≠ 0,
1, fB − (R, S, T )T = 0. (27)
The blossoming points used for a control point can be labeled. Given a B, we get n indices: the number of the index (i, j, k)
is βijk with
i+ j+ k = m,
−
βijk = n.
From B, n indices (i, j, k) and n!∏
(βijk!) different hyper-indices can be obtained. From Eqs. (14) and (24), for all these hyper-
indices (Imn , J
m
n ,K
m
n ), the coefficients of the construction point S
n
Imn Jmn Kmn
are CmnImn Jmn Kmn :
CmnImn Jmn Kmn =
∏
i+j+k=m

βijk∏
l=1

m!
i!j!k!

(mn)!
R!S!T !
.
As a result, for control point SRST , the coefficient of the blossoming point QB is
GRSTB =
∏
i+j+k=m

βijk∏
l=1

m!
i!j!k!

(mn)!
R!S!T !
n!∏
(βijk!) . (28)
4. Algorithms
In the previous sections the formulas for the control points of the composite surface are derived. Each control point of
the composite surface is a linear combination of the blossoming points (Eq. (26)). In this section, some practical functions or
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algorithms for computing the control points are presented. The parameter point list, the control point list, and the resulting
control point list are denoted by P, T and S, respectively. They are
P = {P00m, P0,1,m−1, P1,0,m−1, . . . , P0,m,0, P1,m−1,0, . . . , Pm00},
T = {T00n, T0,1,n−1, T1,0,n−1, . . . , T0,n,0, T1,n−1,0, . . . , Tn00},
S = {S0,0,mn, S0,1,mn−1, S1,0,mn−1, . . . , S0,mn,0, S1,mn−1,0, . . . , Smn,0,0}.
(29)
4.1. Power set
Blossoming points are based on the power set. Here a function is provided to derive all the elements of Msd. Algorithm
1 returns a matrix M of size

d− 1+ s
s

× d, which is called the power set matrix. Each row of the power set matrix is an
element ofMsd, which is a vector of dimension d.
FUNCTION: M = GetPowerMatrix(d, s)
c =

d− 1+ s
s

;
FOR i = d to 1 DO
r = 1;
WHILE r < c DO
v = 0;
FOR j = i+ 1 to d DO
v+ = M(r, j) ;
END
v = s− v;
IF i == 1 DO
M(r, i) = v ;
r ++;
CONTINUE;
END
FOR l = v to 0 DO
e =

i− 2+ v − l
v − l

;
FOR k= 1 to e DO
M(r, i) = l ;
r ++;
END
END
END
END
Algorithm 1: Algorithm for power set matrixM.
To illustrate the algorithm, we examine the situation where d = 3, s = 2, c = 6. Algorithm 1 works as follows.
i = 3 v = 2 l = 2 e = 1 ⇒ M1,3 = 2
l = 1 e = 2 ⇒ M2,3 = M3,3 = 1
l = 0 e = 3 ⇒ M4,3 = M5,3 = M6,3 = 0
i = 2 v = 0 l = 0 e = 1 ⇒ M1,2 = 0
v = 1 l = 1 e = 1 ⇒ M2,2 = 1
l = 0 e = 1 ⇒ M3,2 = 0
v = 2 l = 2 e = 1 ⇒ M4,2 = 2
l = 1 e = 1 ⇒ M5,2 = 1
l = 0 e = 1 ⇒ M6,2 = 0
i = 1 v = 0 ⇒ M1,1 = 0
v = 0 ⇒ M2,1 = 0
v = 1 ⇒ M3,1 = 1
v = 0 ⇒ M4,1 = 0
v = 1 ⇒ M5,1 = 1
v = 2 ⇒ M6,1 = 1

⇒ M =

0 0 2
0 1 1
1 0 1
0 2 0
1 1 0
1 0 0
 .
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4.2. Point index
Note that Pijk is the Imijk-th point in Pwhere
Imijk = 1+ i+
1
2
(m− k)(m− k+ 1) = 1+ i+ 1
2
(i+ j)(i+ j+ 1). (30)
Thus we have
FUNCTION: index= PointIndex(i, j, k)
index = 1+ i+ 12 (i+ j)(i+ j+ 1);
Algorithm 2: Algorithm for point index.
4.3. Blossoming points
LetM and N as
M = (m+ 1)(m+ 2)/2, N =

M − 1+ n
n

. (31)
Let B be the power set matrix that has size N ×M , and I be a matrix of sizeM × 3, each row of which is an index. They can
be obtained by
B = GetPowerMatrix (M,n),
I = GetPowerMatrix (3,m). (32)
A blossoming point can be computed with the geometric algorithm (Algorithm 3) or the classic blossoming algorithm. The
blossomingpoint list PP contains N points.
FUNCTION: PP = GetAllBlossomingPoints(T, n, P,m, B, I,M,N)
FOR i = 1 to N DO
L = n;
IP = T;
FOR j = 1 toM DO
r = B(i, j);
(u0, v0, w0) = P(PointIndex(I(j, 1), I(j, 2), I(j, 3)));
FOR k = 1 to r DO
L = L− 1;
NL = GetPowerMatrix(3,L);
FOR each row (i0, j0, k0) in NL DO
I0 = PointIndex(i0, j0, k0);
I1 = PointIndex(i0 + 1, j0, k0);
I2 = PointIndex(i0, j0 + 1, k0);
I3 = PointIndex(i0, j0, k0 + 1);
TP(I0) = u0 ∗ IP(I1)+ v0 ∗ IP(I2)+ w0 ∗ IP(I3);
END
IP = TP;
END
END
PP (i) = IP;
END
Algorithm 3: Algorithm for blossoming points.
4.4. Identifying blossoming points for a control point
Each control point SRST is a linear combination of the blossoming points. We need to find those blossoming points that
are contributing to this point. Let J = B · I. The i-th row of B corresponding to the i-th row of Jwhich corresponds to an index
for S, say (R, S, T ). Hence, the i-th row of B contributes to the only one control point (R, S, T ). A matrix CM with N rows can
be obtained (Algorithm 4).
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Consider Example 3 in next section. The fifth and ninth rows of J both correspond to S211. Thus, S211 is the linear
combination of the fifth and ninth blossoming points. The fifth row of CM has values 11 and 17, which implies that the
fifth control point S112 is constructed by the 11th and 17th blossoming points. S013 is the second point which is constructed
by the 20th blossoming point.
FUNCTION: CM = GetCorrespondenceMatrix(B, I,m, n,M,N)
J = B · I;
X[1 : Q ] = 0;
FOR i = 1 to N DO
(i0, j0, k0) = J(i);
j = PointIndex(i0, j0, k0);
X(j)++;
CM(j, X(j)) = i;
END
Algorithm 4: Algorithm for correspondence.
4.5. Coefficients of the blossoming points
For each blossoming point, a coefficient defined by Eq. (28) is calculated by Algorithm 5.
FUNCTION: CV = GetCoefficientVector(B, I,m, n,M,N)
FOR s = 1 to N DO
B = B(s) = (B1, . . . , BM);
(R, S, T ) = B · I;
a = 1;
b = 1;
FOR i = 0 tom DO
FOR j = 0 tom− i DO
k = m− i− j;
l = PointIndex(i, j, k);
b = b · (Bl!);
For t = 1 to Bl DO
a = a · m!i!j!k! ;
END
END
END
CV(s) = a·n!·R!·S!·T !b·(mn)! ;
END
Algorithm 5: Algorithm for coefficients.
4.6. All control points
Algorithm 6 computes all the control points S.
5. Examples and discussion
Example 1. Refer to Fig. 5, wherem = 1 and the domain surface P(u, v, w) is defined by three parameter control points
P100 = (x100, y100, z100),
P010 = (x010, y010, z010),
P001 = (x001, y001, z001).
Then, the control points for the composition are
SRST =
−
|Imn |=R,|Jmn |=S,|Kmn |=T
C1nImn Jmn Kmn T
n
000(P
n
Imn Jmn Kmn
).
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FUNCTION: S= GetAllControlPoints(T, n, P,m)
GetM,N,Q in Eq. 31;
B, I in Eq. 32;
A= GetAllBlossomingPoints(T, n, P,m, B, I,M,N);
CM = GetCorrespondenceMatrix(B, I,m, n,M,N);
CV = GetCoefficientVector(B, I,m, n,M,N);
FOR i = 1 to Q DO
S(i) = 0;
X = CM(i);
j = 0;
WHILE X(j) > 0 DO
B = A(X(j));
b = CV(X(j));
S(i) = S(i)+ B ∗ b;
END
END
Algorithm 6: Algorithm for all control points.
1
0 1
Fig. 5. A triangular sub-patch from a TB surface.
When |Imn | = R, |Jmn | = S, |Kmn | = T , ∀Il, Jl, Kl ∈ {0, 1}, the index for the parameter vector PnImn Jmn Kmn is BImn Jmn Kmn = (R, S, T ).
Hence
PRST = Tn000(PnImn Jmn Kmn ) =
n∏
l=1
(xIlJlKlE1 + yIlJlKlE2 + zIlJlKlE3)T000
= (x100E1 + y100E2 + z100E3)R(x010E1 + y010E2 + z010E3)S(x001E1 + y001E2 + z001E3)TT000.
Therefore,
SRST =
−
|Imn |=R, |Jmn |=S, |Kmn |=T
C1nImn Jmn Kmn T
n
000(P
n
Imn Jmn Kmn
)
= PRST
−
|Imn |=R, |Jmn |=S, |Kmn |=T
C1nImn Jmn Kmn
= PRST .
This result is the same as that in [21]. In this case, the number of blossoming points is (n + 2)(n + 1)/2, and they are just
the control points for the composition.
Fig. 6 shows an example ofm = 1, n = 2. The algorithms yieldM = 3,N = Q = 6 and
J = B · I =

0 0 2
0 1 1
1 0 1
0 2 0
1 1 0
2 0 0

0 0 1
0 1 0
1 0 0

=

2 0 0
1 1 0
1 0 1
0 2 0
0 1 1
0 0 2
 , CM =

6
5
3
4
2
1
 , CV =

1
1
1
1
1
1
 .
The value from CM, CV indicate that each control point equals one blossoming point.
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1
0
1
a b c
Fig. 6. A composite surface withm = 1, n = 2: (a) the domain surface; (b) the blossoming points; and (c) the composition surface with the control net.
1
0
1
Fig. 7. Subdivision of a TB surface.
a b
Fig. 8. Subdivision of a surface (a leaf): (a) the surface with its control nets; and (b) the 6 sub-patches with their control nets.
Example 2. This example shows that the surface subdivision can be achieved by composition. Let m = 1. A TB surface is
subdivided into a TB sub-surface P1(u, v, w)whose domain is defined by three parameter points
(0, 0, 1), (0, 1, 0), (0.5, 0.5, 0)
and another TB sub-surface P2(u, v, w)whose domain is defined by parameter points
(0, 0, 1), (1, 0, 0), (0.5, 0.5, 0).
From Example 1,
D1RST = (E3)R(E2)S(0.5E1 + 0.5E2)TT000 =
T−
i=0

T
i

Ti,S+(T−i),R/2T
and
D2RST = (E3)R(E1)S(0.5E1 + 0.5E2)TT000 =
T−
i=0

T
i

TS+i,T−i,R/2T .
Then these two composition surfaces
Si(u, v, w) =
−
R+S+T=mn
BmnRST (u, v, w)D
i
RST , i = 1, 2,
form a subdivision of the original surface (Fig. 7). Fig. 8 shows the subdivision of a surface (a leaf) into 6 sub-patches.
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1
0 1
a b c
Fig. 9. A composite surface withm = 2, n = 2: (a) the domain surface; (b) the blossoming points; and (c) the composition surface and the control net.
1
0
1
1
0
1
0
1
1
a b c
Fig. 10. Composite surfaces: first row: m = 3, n = 3; second row: m = 3, n = 5; third row: m = 4, n = 3. (a) the domain surfaces; (b) the blossoming
points; and (c) the composition surfaces and the control nets.
Example 3. Fig. 9 is an example ofm = 2, n = 2. By the algorithms, we obtainM = 6,N = 21,Q = 15, and
J = B · I =

0 0 0 0 0 2
0 0 0 0 1 1
0 0 0 1 0 1
0 0 1 0 0 1
0 1 0 0 0 1
1 0 0 0 0 1
0 0 0 0 2 0
0 0 0 1 1 0
0 0 1 0 1 0
0 1 0 0 1 0
1 0 0 0 1 0
0 0 0 2 0 0
0 0 1 1 0 0
0 1 0 1 0 0
1 0 0 1 0 0
0 0 2 0 0 0
0 1 1 0 0 0
1 0 1 0 0 0
0 2 0 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0


0 0 2
0 1 1
1 0 1
0 2 0
1 1 0
2 0 0
 =

4 0 0
3 1 0
2 2 0
3 0 1
2 1 1
2 0 2
2 2 0
1 3 0
2 1 1
1 2 1
1 1 2
0 4 0
1 2 1
0 3 1
0 2 2
2 0 2
1 1 2
1 0 3
0 2 2
0 1 3
0 0 4

, CM =

21 0
20 0
18 0
15 19
11 17
6 16
14 0
10 13
5 9
4 0
12 0
8 0
3 7
2 0
1 0

, CV =

1
1
1/3
1
1/3
1/3
2/3
1
2/3
2/3
1/3
1
1/3
1
1/3
2/3
2/3
1
2/3
1
1

.
Hence, 21 different blossoming points and 15 control points are generated.
Fig. 10 shows more examples withm = 3, n = 3;m = 3, n = 5; andm = 4, n = 3.
Example 4. Different parameterizations of the composite surface. Different choices of the interior control points for
a domain surface could lead to different parameterizations of the composite surface. Fig. 11 shows an example of a
composition with m = n = 5. Fig. 11(b)–(f) are different choices of interior control point. In each case, the domain surface
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u
1
0.5
1
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1
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10.50 10.50 10.50
Fig. 11. Different parameterizations of a composite surface: (a) an area bounded by three curves; (b)–(f) different choices of interior control points; (g)
the sub-patch defined by the three curves in (a); and (h)–(l) different parameterizations of the sub-patch.
a
d
b
e f
v v
u u
1
0
0 0.5 1 0 0.5 1
c
Fig. 12. Surface extensions: (a) a surface with three boundary curves in red, blue and yellow; (b) one domain surface in black; (c) another domain surface
in green; (d) the surface; (e) the composite surface from (b); and (f) the composite surface from (c).
is uniformly sampled (the green curves are parameter curves). Uniform parameter curves (Fig. 11(b)) in the domain surface
lead to uniform parameter curves (Fig. 11(h)) in the composite surface. Moving interior control points causes the change in
the density of parameter curves for both the domain surface (Fig. 11(c) and (d)) and the composite surfaces (Fig. 11(i) and
(j)). It may also cause the parameter curves intersecting with each other (Fig. 11(e), (f), (k) and (l)).
Example 5. Surface extensions. Fig. 12(a) shows a TB surfacewith three boundary curves in red, blue and yellow. The surface
domain for the TB surface (Eq. (1)) is DT . If we extend the surface domain to the black area in Fig. 12(b), the surface is
extended. The composite surface (Fig. 12(e)), which is also a TB surface, becomes a nature extension of the original TB
surface (Fig. 12(d)) on the yellow boundary. Similarly, Fig. 12(c) and (f) show the extension on the blue boundary.
6. Conclusions
In this paper, an approach to generating a TB sub-patch from a TB surface is presented. The TB sub-patch is formed
by composition of the TB surface and the domain surface, which is also a TB surface. An explicit formula for computing
the control points of the composition is derived. These new control points are linear combinations of the construction
points. However, the number of construction points is huge especially when the surface degrees are high. Thus we simplify
the formula to express the control points of the TB sub-patch as linear combinations of the blossoming points. The total
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number of the blossoming points is much smaller than the number of construction points. The geometric algorithm for the
blossoming points is analyzed. Finally, detailed algorithms are provided to efficiently derive the composition.
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